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CONVEX SUBCONES OF THE CONTINGENT CONE
IN NONSMOOTH CALCULUS AND OPTIMIZATION

DOUG WARD

ABSTRACT. The tangential approximants most useful in nonsmooth analysis
and optimization are those which lie “between” the Clarke tangent cone and
the Bouligand contigent cone. A study of this class of tangent cones is un-
dertaken here. It is shown that although no convex subcone of the contingent
cone has the isotonicity property of the contingent cone, there are such convex
subcones which are more “accurate” approximants than the Clarke tangent
cone and possess an associated subdifferential calculus that is equally strong.
In addition, a large class of convex subcones of the contingent cone can replace
the Clarke tangent cone in necessary optimality conditions for a nonsmooth
mathematical program. However, the Clarke tangent cone plays an essential
role in the hypotheses under which these calculus rules and optimality con-
ditions are proven. Overall, the results obtained here suggest that the most
complete theory of nonsmooth analysis combines a number of different tangent
cones.

1. Introduction. Research in convex and nonsmooth analysis has, over the
past quarter century, considerably broadened the scope of optimization theory. In-
deed, optimizatior. theory has grown during this period to encompass, successively,
problems involving

(i) convex functions [24].

(ii) locally Lipschitzian functions [5, 11].

(iii) certain classes of locally lower semicontinuous functions [25, 5, 15, 1, 28,
33].

The analysis developed for stages (ii) and (iii) centers around local approxima-
tions to sets called tangent cones. A plethora of these tangential approximants have
been defined (see for instance [6, 18, 19, 30, 22, 32]), of which a few have proven
to be particularly useful. We review below the definitions of three of them. Here
and throughout the paper, E will denote a Banach space.

DEFINITION 1.1. Let C C E and zg an element of the closure of C' (hereafter
denoted cl C).

(a) The contingent cone to C at zg is the set

Kc(zo) =={y € E| 3tk | 0,3yx — y,z0 + tkyx € C}.
(b) The Ursescu tangent cone to C at zg is the set
kc(zo) :=={y € E | Vtx | 0,3yx — y, 20 + teyx € C}.
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(c) The Clarke tangent cone to C at zg is the set
To(zg) :={y € E | Vi, — zo with x4 € C, Vi, | 0,3yx — y, xk + tryx € C}.

It follows from Definition 1.1 that each of these cones is always a closed set, and
that the inclusions

(1.1) Tc(zo) C ke (zo0) C Ko (o)

are true in general. The Ursescu tangent cone, perhaps the least well known of
the three, has received increasing attention in recent years [30, 6, 19, 7, 8, 33,
22]. Each of these cones has an alternate definition valid in any locally convex
topological vector space [25, 30], but since the main results to be presented here
are Banach space results, we will conduct our entire discussion in a Banach space
setting.

Each of these tangent cones has strengths and weaknesses. For example, the
contingent cone is isotone with respect to inclusion; i.e.,

Kc(zo) € Kp(zp) whenever C C D.

A rudimentary theory of necessary optimality conditions can be built upon this
property [31, 34]. The Ursescu tangent cone is also isotone, but the Clarke tangent
cone is not ([31]; see also Theorem 1.2 below).

On the other hand, the Clarke tangent cone is always a convex cone [19, 26, 5,
6] and is thus a powerful analytical tool. The contingent and Ursescu tangent cones
are not always convex, however, a fact that somewhat restricts their usefulness.

One can construct a closed, convex, isotone tangent cone by taking the closed
convex hull of the contingent cone. The resulting object, called the pseudotangent
cone, is useful in differentiable programming [10]; however, it is too “large” to
play a corresponding role in nonsmooth optimization where convex subcones of the
contingent cone become important.

In this paper, we investigate the convex cones A which satisfy the inclusions

(1.2) Tc(.’to) C Ac(.’l:o) C Kc(zo).

The preceding paragraphs suggest that we begin with the following question:

(Q1) Is there some “sensible” tangent cone satisfying (1.2) which is both convex
and isotone?

This question has a definite negative answer, as we now demonstrate. In the
statement of this theorem, we denote by P(1R"™) the power set of 1IR™.

THEOREM 1.2. There ts no mapping A: P(1R™) x 1IR™ — P(1R"™) which has
all of the following properties:

(a) A 1is isotone.

(b) A s convez.

(c) A(C,zg) C Kc(z0) for all C C 1R™ and z¢ € ¢l C.

(d) A(C,zo) D C whenever C is a one-dimensional subspace of 1R™ and zo € C.

PROOF. Consider the subsets of 1R™ defined by C;: 1R x {0} and Cy: =
{0} x 1R. If A has property (c), A(C; UC2,(0,0)) C C; UCs. On the other hand,
if A has properties (d) and (a), C1 UCs C A(C1,0)U A(C3,0) = A(Cy UCx, (0,0)).
Thus A(C; U C2,(0,0)) = Cy U Cy if A has properties (a), (¢) and (d). Such an A
cannot have property (b). O
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REMARK 1.3. (a) One can easily find mappings A which possess three of the
properties listed in Theorem 1.2. All tangent cones satisfying the first inclusion of
(1.2) also satisfy (d) of Theorem 1.2.

(b) A number of other “tangent cone impossibility theorems” are collected in
[32].

Given a negative answer to (Q1), we shift our attention to a broader question:

(Q2) Are there convex cones satisfying (1.2) which are more accurate approxi-
mants than T and possess the analytical strengths of T'7

We will give a qualified affirmative answer to (Q2). Specifically, we show that two
particular convex tangent cones satisfying (1.2) have an associated subdifferential
calculus as extensive as that for the Clarke tangent cone. In addition, we demon-
strate that large classes of convex subcones of K and k can replace T in necessary
conditions for optimality in nonsmooth mathematical programming. We hasten to
add, however, that these results seem to require assumptions involving the Clarke
tangent cone. Our theorems and examples indicate that the Clarke tangent cone
plays a special role in nonsmooth analysis.

Here is an outline of the remainder of the paper: In §2, we define and examine
some basic properties of three convex tangent cones satisfying (1.2). In §3, we
review a Liusternik-type theorem which enables us to prove key tangent cone inclu-
sions. We present in §4 a sort of “algorithm” for generating subdifferential calculus
formulae. This procedure, which reduces the proofs of calculus rules to the verifi-
cation that a tangent cone has three specific properties, was used quite successfully
in [33]. We apply this algorithm in §5 to establish a calculus for the directional
derivatives and subgradients associated with the tangent cones discussed in §2. In
§6 we apply our directional derivative calculus formulae to derive necesary optimal-
ity conditions for a nonsmooth mathematical program. These conditons sharpen,
in a Banach space setting, optimality conditions given in [25, 33, and 21].

At this juncture we compile a list of notations used in this paper. For an
extended-real-valued function f: E — IR, we denote by epi f the epigraph of
f. By the domain of f, we mean the set

dom f:={z € E| f(z) < +00}.

We say that f is proper if dom f is nonempty and f never takes on the value —ooc.
If f is convex, 3 f(zo) will denote the subgradient of f at zo [24].

We say that a mapping A: P(E) x E — P(E) is a tangent cone if A(C,xo)
(which we will usually write Ac(zo)) is a (possibly empty) cone for all nonempty
C C FE and g € clC. As in Theorem 1.2, we will say that A has a certain property
if Ac(zo) has that property for all nonempty C C E and zq € clC. For two tangent
cones A and A’, we say A’ C A if the inclusion A (z9) C Ac(zo) is true for all
nonempty C' C E and z¢ € c1C. We will denote by Af(z¢) the set Aepi r(z0, f(0)).

We denote the dual space of a Banach space E by E’. For § > 0, we define

Ns(z) :={y € E |||z — y|l <6}

For a nonempty set C C E, we denote the interior of C by intC. By the
recession cone of C', we mean the set

0tC:={ye E|C+ycCC};
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by the polar of C, the set
C®={z€E|(z,y) <0forally € C};

and by the indicator function of C, we mean the function ic: E — IR defined by
. 0 ifzeC,
ic(z) =

+ 00 else.
We denote the nonnegative orthant in 1R"™ by 1R%.

2. Some convex tangent cones. In this section we discuss three convex
tangent cones which satisfy (1.2) and have recently been studied by Penot [22],
Frankowska (7, 8], and others [9, 20, 29].

To begin, we observe that one way to produce a closed convex cone is to take
the recession cone of a closed cone. Let us then define, for C C F and zg € clC,
the closed convex tangent cones

(21) K& (z0) :=={y € E | Kc(z0) +y C Kc(zo)},
(22) k& (z0) :={y € E | kc(zo) +y C kc(zo)}-

It follows readily from (2.1) and (2.2) that T C K C K and T C k> C k [19,
Theorems 1, 2]. An example of C and zo for which Tc(zo), K& (o), and k& (xo)
are distinct is given in [19]. Interestingly, £ is not always contained in K, even
though k£ C K. For example, define f: 1R — 1R by

flz) = 0 ifx=0,
VT o)) jpo-(ntD) < g <27, m=0,+1,42,...,
and let C :=epi f and z := (0,0). Here

Ko(zo) ={(z,y) |y 2 —|zl},
ko(zo) = {(z,y) | y 2 —|z|/2},
so that
K& (z0) ={(z,y) | y 2 |z},
k& (z0) = {(z,y) | y = [=[/2}.
As we will see presently, £ is somewhat easier to work with than K°° is, and it
has received more attention in the literature |7, 8, 22]. In particular, Frankowska
has applied £°° in the study of a general Bolza problem in the calculus of variations
8].
| ]In [22], Penot gives an interesting alternate definition of k*°:

(2.3) k& (z0) = {y | Y(zn,tn) — (20,0"),Vz € ke (z0) with
zn € C,t; (Tn — Z0) = 2,3yYn — Y, Tn + tuyn € C}.

Equation (2.3) makes clear the fact that T C k*°. It also suggests the experiment
of replacing “z € ko (zp)” in (2.3) with “z € §” for others sets S, and studying the
resulting objects. Of course the larger the set S, the smaller the object obtained. For
example, the choice S := T (x() gives a cone which always contains £°°. This cone
is not necessarily convex, however. On the other hand, the choice S := Ko (zo)
gives a convex tangent cone which is always contained in k*°. When {z,} C
C, {t; (zn —z0)} converges if and only if it converges to an element of K¢ (), so
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S := E gives the same cone as S := K¢ (zo). The resulting tangent cone is Penot’s
prototangent cone

(2.4) Pc(xo) :={y | V(Tn,tn) — (70,0%") with z,, € C and t,; (2, — 70)
convergent, 3y, — Y, Tn + thyn € C}.

If follows from (2.4) that T C P C k* C k C K, with Pc(20) = k¥ (z0) = K& (20)
whenever k¢(zo) = Ko (zo).

REMARK 2.1. (a) In a forthcoming paper [29], Treiman defines a tangent cone
in Banach space which reduces to P in the finite-dimensional case and whose polar
cone, like that of T, has a useful characterization in terms of “proximal normals”.

(b) In (2.3) and (2.4), one may replace “T,+tnyn € C” With “T(n) +to(n)Yo(n) €
C for some subsequence {Z,(n) + to(n)Yo(n)}” -

An analogous statement is true for T [12] and k.

In §84 and 5, we will be particularly concerned with two questions for each of
the tangent cones A that we have defined:

(a) Does the inclusion

(2.5) Ac(zo) X Ap(yo) C Acxp(%0,Y0)
hold in general?
(b) For what linear mappings M: E — E; and (C,2y) C P(E) x E does the
inclusion
(2.6) M(Ac(20)) C Am(c) (M=)

hold?
We give below the answer to question (a). The proofs, which are completely
straightforward, are left to the reader.

PROPOSITION 2.2. Let C and D be nonempty subsets of E and E;, respectively,
and let xg € clC and yo € c1C. Then

(2.7) kc(zo) X kp(yo) = kcx p(Zos yo)-
(2.8) Tc(z0) X Tp(yo) = Tex p(Zos Yo)-
(2.9) kZ (zo0) X kD (yo) = kaD(mO: Yo)-
(2.10) Pc(z0) X Pp(yo) C Poxp(%o,Yo)s
(2.11) Kc(zo0) X kp(yo) C Koxp(Zosyo)-

It is not possible to combine K*° with any of the other tangent cones above to
produce an analogue of (2.11), a defect of K which will limit its usefulness in the
sequel. For example, define

C:={z€lR|z=2"""n=1,2,3,...}U{0},
D:={z€lR|z=2""" n=1,23,...}uU{0},
and let (zg, yo) = (0,0). Then Ko (0) = Kp(0) = 1R, while k¢ (0) = kp(0) = {0}
and K&, p(zo,y) = {(0,0)} (see [2]). As a result, the inclusion K& (0) x Ap(0) C
K&, p(0,0) is not true for A = K, K, k,k>*,P,or T.

The cones K and k satisfy (2.6) for any nonempty C, zo € clC, and continuous
linear M (see for example [33]). Conditions under which T satisfies (2.6) are given
in [2 and 33]). We now present conditions sufficient to give (2.6) for k*°, K,
and P.
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LEMMA 2.3. Let C C E be nonempty with zg € clC, and let M: E — E; be
linear and continuous. The following implications hold:

(1) If kago)(Mz0) € M(ke(20)), then M (20)) C k33 (M20).

(2) If Knm(c)(Mzo) C M(Kc(20)), then M(K& (20)) C K3p o) (Mzo).

PROOF. Let y € k&F(z0), and call z = M(y). Let w € kap(c)(Mz). By
hypothesis, w = M (v) for some v € kc(z0). Hence z + w = M(y + v), and
since y + v € kc(20), we have z + w € M(kc(20)) C kar(cy)(Mzo). Therefore
z € k7 o (Mzp), and implication (1)is established. The proof of (2) is completely
analogous to that of (1). O

PROPOSITION 2.4. Let C be a nonempty subset of E, zg € clC, and M: E —
E; a continuous linear mapping satisfying the following condition:

Whenever (wpn,t,) — (Mz,0%) such that w, € M(C) and
(2.12) to (wn — Mzg) converges, there exists z, € C with w, = M(zy)
and t; (2, — 20) convergent.

Then for A := P, K*°, and k°,
(2.13) M (Ac(20)) C Am(c)(Mzo).

PROOF. Let v € M(Po(2)). Then v = M(y) with y € Po(z9). Suppose
(Wn,tn) — (Mzp,0%) such that w, € M(C) and t;!(w, — Mzy) converges. By
(2.12), there exists 2z, € C with w, = M(z2,) and ¢, (2, — zg) convergent. There
then exists y, — y such that z,+t,y, € C. Hence My, — My and w,+t, M (y,) =
M(zn + tayn) € M(C). Therefore v € Ppcy(Mzo) and (2.13) is established
for A := P. To prove (2.13) for A := k°°, it suffices by Lemma 2.3 to show
that karc)(Mzo) C M(kc(20)). Let v € kac)(Mzo) and t,, | 0. There exists
vp, — v such that w, = Mzy + tpv, € M(C). Since v, = t;1(w, — Mz)
converges, there exists by (2.12) a sequence {z,} C C such that w, = M(z,) and
Yn =t (2, — 20) converges to some y € E. Now v, = M(yn), so v = M(y), and
since zg + tnyn = 2n € C, y € kc(20). Thus v € M(kc(20)). The proof for the
A := K case is completely analogous to that for k*°. O

We will make use of Proposition 2.4 in proving calculus formulae in §5.

3. The inversion theorem and tangent cone inclusions. A key ingredient
in the proofs of the subdifferential calculus formulae we will present in §4 is a
tangent cone inclusion derived by means of an “inversion theorem”, a special case
of [4, Theorem 4.1] (see also [13, 2, 1]).

We begin with some preliminary definitons.

DEFINITION 3.1. Let FE and E; be Banach spaces. A function G: E — E is said
to be strictly differentiable at xg € E if there exists a continuous linear mapping
VG(zp): E — E; such that

lim t71G(z + ty') — G(z)] = VG(z0)y

(z,y',t)—(20,y,0T)
for all y € E. 1t is Hadamard differentiable at zg if for all y € E,

lim  t7![G(zo+ty) -G =VG )
(y' 1) —(y,0%) (G20 +ty") = G(20)] (zo)y
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DEFINITION 3.2 (CF. [27]). A nonempty C C E is closed near z¢ € clC if
Nc(zg) NC is closed for some € > 0. A function f: E — IR which is finite at zg is
said to be strictly Ls.c. at zg if epi f is closed near (zg, f(zg))-

DEFINITION 3.3 [3]. Let C be a nonempty subset of E that is closed near z.

(a) The set C is said to be epi-Lipschitz-like at z if there exist § > 0, a convex
set 1 with 20 weak-star locally compact, and A > 0 such that for all ¢ € (0, )),
CNNs(z)+tQcC.

(b) Let f: E — 1R be strictly l.s.c. at z. The function f is said to be Lipschitz-
like at z if epi f is epi-Lipschitz-like at (z, f(z)).

Observe that if £ is finite-dimensional, any locally closed set is epi-Lipschitz-like,
since (1 may be chosen to be {0}. An epi-Lipschitzian set in a normed space E is
epi-Lipschitz-like, since {2 may be chosen to be a neighborhood of some point. Thus
strictly l.s.c. functions with finite-dimensional domains and epi-Lipschitzian func-
tions with normed space domains are Lipschitz-like. Also, we note that products
of epi-Lipschitz-like sets are epi-Lipschitz-like. This fact will be important in §4.

The inversion theorem of [4, Theorem 4.1] unifies the finite-dimensional and
Banach space cases treated separately in [2]. We will use the following special case
of this theorem.

THEOREM 3.4 [4]. Let E and E; be Banach spaces, and let G: E — E; be
strictly differentiable on Ny (zo) for some A > 0, where 2o € G™1(0) N D and D is
ept-Lipschitz-like at zo. Suppose

(3.1) VG(]:())TD(.’E()) =E;.

Then there exist K > 0 and § > 0 such that for each € D N Ns(xo), there exists
d € DNG71(0) satisfying ||z — d|| < K||G(z)]].

Theorem 3.4 may be proved by means of Ekeland’s variational principle [1].
Because of the presence of Tp(zg) in assumption (3.1), the hypotheses of all our
main results will involve the Clarke tangent cone. We will later give an example
(Remark 4.5(d)) which shows that T cannot be replaced by K, k, K*°, k*°, or P
in (3.1). (See [2] for a similar example.) This seems to indicate that the Clarke
tangent cone occupies a special position in the theory developed here.

We will now utilize Theorem 3.4 to prove a number of tangent cone inclusions.

THEOREM 3.5. Under the hypotheses of Theorem 3.4,
(3.2) Ap(z0) NVG(z0) "1 (0) C Apng-1(0)(20)
for A:=T, P, k*°, K, k, and K.

PROOF. The cases A = T, K are proven in [2, Theorem 4.1]. We include here
the proof of the A := k™ case. Let y € k¥ (z9) N VG(z0) 1(0), and suppose
2 € kpng-1(0)(70). It suffices to show that y + 2 € kpng-1(p)- Since £ is isotone,
z € kp(zo) and z € kg-1(0)(z0) C VG(z0)"1(0). So if t, — 07, there exists
wn, — Y + z such that zg + t,w, € D. Now since G is strictly differentiable at zg,

t-1(G(zo + tnwn) — G(z0)) — VG(z0)(y + 2) = 0.

It follows, then, from Theorem 3.4 that there exists d, € D N G~*(0) such that
to1(dy — 9 — tow,) — 0 also. Let v, := ¢;1(dy — z0). Then v, — y + z and
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Zo + thvn = dn € DN G1(0). Therefore y + z € kpng-1(0) (o), and the proof is
complete. The proofs for the cases A := k, K°°, and P are quite similar to this
one. O

4. Calculus for directional derivatives and subgradients. We begin this
section by reviewing the now familiar idea of associating directional derivatives and
subgradients with tangent cones [12, 26].

DEFINITION 4.1. Let f: E — IR be finite at zo € E. For a tangent cone A the
A directional derivative of f at zo in the direction y is defined by

(4.1) fA(z03y) = inf{r|(y,7) € As(z0)}.
The A subgradient of f at z¢ is the set
(4.2) 94 f(20) = {a’ € E' | (z',y) < f*(a0;y) for all y € E}.

Definition 4.1 is designed precisely so that
(4.3) epi f4(zo;-) = Af(z0)

if A is a closed tangent cone (in particular, for A := K, k, K, k*°, P and T).
It is well known that if G: E — 1R is strictly differentiable at zq,

(4.4) 84G(z0) = {VG(z0)}

for any A satisfying (1.2). If G is merely Hadamard differentiable, (4.4) remains
true for A such that P C A ¢ K [22]. This is one advantage of P, k>, K, k,
and K over T. .

Equation (4.3) and the tangent cone properties discussed in §§2 and 3 can be
combined to prove calculus formulae for f4, which will in turn produce corre-
sponding formulae for d4f if A is convex. This was demonstrated in detail for
A:=T, k, and K in [33]. Roughly speaking, if a closed tangent cone A satis-
fies (2.5), (2.6) for the appropriate M, C, and 2y and (3.2) (under assumption
(3.1)), then f# will have an extensive calculus including rules for sums and point-
wise maxima of functions, products of positive-valued functions, and compositions
f = g o F where either g: IR™ — IR, F: E — 1R™, and g is nondecreasing
or g: By — IR, F: E — E;, and F is strictly differentiable. In other words, an
“algorithm” for generating a calculus for f4 consists simply of checking (2.5), (2.6),
and Theorem 3.4 for A. We establish the details of this procedure in this section
and apply it to k°° and P in §5. In this section, we will assume that A and A’ are
closed tangent cones which satisfy T ¢ A’ C A C K and

(4.5) Ac(zo) x Ap(yo) C Acxp(zo,Y0)

in general. We assume in addition that (3.2) is true for A under condition (3.1).
For example, A= A' =T, k, k*°, P, as well as A = K, A’ = k fit this description.

We now consider the first of two chain rule formulations. Here, as in [25], we
adopt the convention that oo — oo = oo.

THEOREM 4.2. Let E and E; be Banach spaces and F: E — E, strictly dif-
ferentiable on Ns(zo) for some 6 > 0. Let fi: E — 1R be finite and Lipschitz-like
at 2o and fo: By — 1R finite and Lipschitz-like at F(zo). Suppose A and A' are
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closed tangent cones satisfying T C A' C A C K and (4.5), with (3.2) valid for A
under conditon (3.1). Assume

(4.6) VF(zp) dom f{ (zo.-) — dom f (F(zo0);-) = Ex.
Define M: E x 1R x E; X IR — E x 1R by M(z,y,2,7) = (z,y + r) and
G: ExXIRXE1x1R — E, by G(z,y,z,r) = F(z)—z. Assume that (2.6) holds for M

as above, 2o := (2o, f1(20), F(z0), f2(F(20))), and C := (epi f1 x epi f2) NG~1(0).
Then for all y € E,

(4.7) (f1+ 20 F)*(z0;9) < f{ (o3 y) + f5* (F(z0); VF(z0)y)-
Moreover, if A and A’ are convez, then
(4.8) 0*(f1+ f2 0 F)(z0) C 8% f1(z0) + VF(20)*0* fo(F (20))-

Equality holds in (4.8) if ff(zo;:) = fE(zo;:) and f§ (F(zo); VF(z0)(-) =
fE(F(20); VF(20)(")). Equality holds in (4.7) if in addition fE(z0;-) and
fX(F(z0);-) are proper.
PROOF. Call f := f; + fo o F. Then
epi f = {(z1,r1 +72) | fi(z1) <71, fo(z2) < 7oy
F(z1) — 29 = 0 for some z3 € E} }.
Define D := epi f; X epi fo. Note that D is epi-Lipschitz-like at 2. By our defini-
tions, M (D N G~1(0)) = epi f, and so
epi f4(z0; ) = Am(pnc-1(0)) (%0, £ (Z0)) D M(Apng-1(0)(20))

by hypotheses. Next observe that (4.6) and (2.8) ensure that VG(z0)Tp(20) = E1.
Since A satisfies (3.2) under this condition,

Apng-1(0)(20) D Ap(20) N VG(20)~(0).
Thus
M(Apng-1(0)(20)) D M(Ap(z0) N VG(20)(0))
> M((epi f{(20: -) x epi f3 (F(z0); ) N VG(20)1(0))
by (4.5)
= M({(h1,71,ha,r2) | f{(z0; 1) < 71, f32 (F(20); h2) < 72, VF(z0)ht = ha})
= {(h,r1 +r2) | fi*(z0; h) < r1, S5 (F(20); VF(20)h) < 2}
= epilf{* (203 ) + f5 (F(20); VF(20) ().
Therefore (4.7) holds. If A and A’ are convex, set pi(-) := f{*(2o;-) and pa(-) :=

f (F(zo);-). If either py(0) or pa(0) is —oo, (4.7) shows that both sides of (4.8)
wil then be empty. We may assume, then, that p;(0) = p2(0) = 0. Then

04/ (z0) = {z € E' | (f + fa 0 F)*(20;y) > (2,y) for all y € E}
= {z|p1(y) + p2(V F(z9)y) > (2,y) for all y € E}
= 0(p1 + p2 0 VF(z0))(0).

Since T C A’ C A and (4.6) holds, it follows that VF(z¢) domp; — dompy = Ej.
Now p; and pg are proper and sublinear, so we have by the subdifferential calculus
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of sublinear functions (see [17, 1.2.5], or in finite dimensions [24, Theorems 23.8,
23.9]) that

0(p1 + p2 0 VF(20))(0) = 8p1(0) + VF(z0)*p2(0)
= 04 f1(20) + VF(20)* 04 f2(F(20)),

and so (4.8) holds. Finally, if f{A(zo;-) = fK(20;-) and f£ (F(zo); VF(20)(")) =
SE(F(20); VF(20)()),

(f1 + fao F)*(z0;-) > (f1 + fa o F)¥(z0;")
> f{f(z0; ") + f3 (F(20); VF(20)(-))
(if /f(z0;-) and f3*(F(z0);-) are proper)

= f{(z0;) + 15" (F(z0); VF(z0)(-))-

Hence equality holds in (4.7) and (4.8) under the stated assumptions. 0O
REMARK 4.3. (a) Condition (4.6) is satisfied by quite general classes of functions.
For example, this conditon holds in any of the following cases:
(i) VF(z) is surjective and f; is locally Lipschitzian near zg.
(ii) fq is locally Lipschitzian near F'(zo).
(iii) f2 is directionally Lipschitzian at F(z¢) and

VF(zo)dom fT (z0;-) Nint dom fI (F(z0);-) # 2.

For further discussion, see [33].
(b) If A C k, the conditions for equality in (4.7) and (4.8) can be sharpened [33].
In this case, either f{*(z0;-) = fF(z0;-) and

S (F(20); VF(20) () = f4(F(0); VF(20) ("))
or
ff(20;) = [K(z0;-) and  f (F(z0); VF(20)(-)) = fE(F(20); VF(20)(-))

will guarantee equality in (4.8).

(c) The roles of A and A’ may be reversed in the right-hand side of (4.7) and
(4.8).

The special cases of Theorem 4.2 where A := K, A’ :=k, A= A" .=k, and
A = A’ :=T are discussed in detail in [33]. A number of corollaries of Theorem
4.2, analogous to those listed for the A = A’ := T case in [33, §3] can be proven.
We will concentrate our attention here on just one of them, after making some
preliminary definitions.

DEFINITON 4.4. Let C be a nonempty subset of E. Define

A™C = {(z1,...,2p) EC |2y =20 = =2y }.

DEFINITION 4.5. Let C; C E, © = 1,...,n, be nonempty convex sets. These
sets are said to be in strong general position [36] if

A"'lCl - ﬁ Cj .
=2

(4.9) 0€int
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It is shown in [36] that (4.9) is equivalent to

n
(4.10) oeint |A"E-[] G5 .
j=1
If the sets C;, i =1,...,n, are cones, then (4.9) can be written
n
(4.11) Aoy - [] ¢y =Em
5=2

PROPOSITION 4.6 (CF. [33, PROPOSITION 3.10, COROLLARY 6.15]). Let A
and A' be tangent cones as in Theorem 4.2, and let D; C E, i =1,...,n, be epi-
Lipschitz-like at yo € ﬂ:;l D;. Assume Tp,(yo), ¢ = 1,...,n, are in strong general
position. Then

n
(4.12) Ap,n--np, (¥0) D Ap, (¥0) N (ﬂ Ap, (yo)) :
=2
Moreover, if A and A’ are convez, then
n
(4.13) (Apyn-1, (40))° € (Ap, (30))° + 3 (A, (40))°-
1=2

Equality holds in (4.12) and (4.13) o
AD; (yo) = KDl(yo) and A,D, (yo) = KD.. (yo), 1= 2, ceeyn.

PROOF. Define f; := ip,x...xp, and fa := ifo}, where {0} denotes the origin
in E"~1. Define F: E® — E" ! by F(z1,...,2,) := (T1 — T2,...,Z1 — Tp).
Observe that the relationships 14(z';-) = 14,z () and 84ic(z) = (Ac(z))° hold
for any nonempty C C E™ and z € C, and for A’ as well as A. Apply Theorem
4.2 with zg := (yo,...,Y0). Since T satisfies (2.5), the strong general position
assumption guarantees that (4.6) holds. Then (4.12) and (4.13) follow from (4.7)
and (4.8), respectively, since A and A’ satisfy (4.5). Since & (zo;-) is proper for
any nonempty C and z € C, the stated conditons for equality follow from those in
Theorem 4.2. O

REMARK 4.7. (a) An application of Proposition 4.6 with D; := epi f; will give a
calculus rule for f# and 84 f where f(z) := max;<i<n fi(z) (see [33, Proposition
3.14]).

(b) If A C k, then the conditions for equality in Proposition 4.6 can be sharpened
to ADl(yO) = kD) (yO) and AID, (yO) = kDi (y0)7 1=2,... y 1.

Under these conditions,

n
Ap,n.-nD, (¥0) C kD, (o) € () ¥, (¥0)

since k is isotone.

(¢) Inclusion (4.12) for A = A’ = T was established by Watkins in [35] to show
that the Clarke tangent cone satisfies the intersection principle of Martin, Gardner,
and Watkins [18]. As a result, a Dubovitskii-Milyutin approach may be used to
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prove quite general Fritz John type Lagrange multiplier rules involving d7f [35,
33.

(d) We will see in §5 that A = A’ := P and A = A’ := k° can be used in
Theorem 4.2 and Proposition 4.6. However, in the hypotheses of these results, T
cannot be replaced by k£ or P, as we now demonstrate. Define

D, :={(z,y) € IR% |z +y = 1/n, n odd} U{0,0}
and
Dy :={(z,y) € 1R% |z +y =1/n, neven} U {(0,0)}.

Then kp,(0,0) = 1R, ¢ = 1,2, so that k% (0,0) = Pp,(0,0) = 1R%. In this exam-
ple, Ap,(0,0),7 = 1,2, are in strong general position (i.e., Ap,(0,0) — Ap,(0,0) =
1R?) for A := k*°, P. Inclusion (4.12) with n = 2 does not hold for A = A’ := P or
A = A’ := k™, though, since D; N Dy = {(0,0)}. This example also demonstrates
that T cannot be replaced by £ or P in (3.1), and that P and k*° do not satisfy
the intersection principle mentioned in (c).

DEFINITION 4.8. Let £ = (z1,...,2,) and (y1,...,Yn) be elements of 1IR™. We
say z < y if z; < y; for each 7. The function F: 1R™ — 1R is isotone on B C 1R"™
if F(z) < F(y) whenever z,y € B and z < y.

We now establish a chain rule for compositions of the form F o f, where f :=
(fi,--., fn) each f;: E — IR is finite and Lipschitz-like at zg, and F: IR® — IR
is finite at f(zo), l.s.c., and isotone on Ns(f(zo)) U B for some ¢ > 0, with

B: ={ye€1R"| f(z) <y for some z € E}.
In such a composition, we define
(Fo f)(z) =nf{F(y) | f(z) <y,y € IR},

and set F(f(z)) = +oo if some f;(z) = +o00. The proof of this chain rule will
depend on another special case of (2.6).

THEOREM 4.9. Let F and f be defined as in the preceding paragraph. Suppose
A and A’ are closed tangent cones satisfyingT C A’ C A C K and (4.5), with (3.2)
valid for A under condition (3.1). Assume that FA'(f(zo);-) is isotone on 1R",
that f{*(zo;') and f,-A'(xo;-), 1=2,...,n, are proper, and that
(4.14) (A™E x dom FT(f(z0);-)) — S = E™ x 1R"™,
where

S = {(ylv"'1yn7rl,~'~7rn) ’ (y’iari) € eplf';T(an%'L = 17"')"}‘
Define M: (E x 1IR)" x 1IR"*! — E x 1R by
M(zlayla"-7znayn?zl3"'7znvr) = (xlvr)
and G: (E x IR)" x 1IR"*! — E*~1 x IR"™ by
G(Il3yla"'az'nvy'nazl3~" z’nv’r) = (1'1 —Z2,...,T1 —Tn,Y1 — 21y---5Yn — z’n)~

Assume that (2.6) holds for this M and C: = ([];—, epi f; X epi F)NG™1(0),20: =
(anfl(xO) -~a$0,fn(10) fl(z()) af‘n( ) ( ( ))) Then fOT (l”yEE
(zo

(4.15) (Fo )*(z0;9) < F*'(f(zo): f{(20,y), /3 (0;9)s - St (20;9))-
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Moreover, if A and A’ are convez, then
(4.16) 94(F o f) C {\- (82 /1(z0), 8% falzo),...,0% fu(z0))|A > OF,

A € k™ F(f(x0))}-
Equality holds in (4.16) if FA' (f(z0);-) = FX(f(z0);), ff(zo;)) = fE(zo;"),

and fiA'(xop) = fK(z0;-),4 = 2,...,n. Equality holds in (4.15) if in addition
FX(f(z0);") 1s proper.
PROOF. Call h:= F o f. Since F is isotone on B,
epih = {(z,7) | 3(y1,-..,¥n) € IR™ with F(y1,...,yn) <,
fi(.’lt) S yi,i = 1,...,n}.
Define D :=epi f; X -+ X epi f, X epi F, so that C = DN G~1(0). Then epih =
M(C), and we have
epi h* (20 ) = Anm(c) (2o, h(20))
D M(Ac(z)) by hypothesis
D M(Ap(20) N VG(20)71(0)),
since (4.14) ensures that (3.1) is satisfied
o {(z,r) | Iy € IR™ with f{(z0;2) < y1,
Y (20;7) <wii=2,...,n, FA(f(z0);y) <7} by (4.5)
= epi F*'(f(20); /1 (z0: ), f5 (20 )5+, S (205))
since FAI(f(xo); -) is isotone.
Thus (4.15) holds. Now suppose A and A’ are convex. If FA'(f(z0);0) = —oo,
(4.15) shows that both sides of (4.16) will be empty. We may assume, then, that

FA’(f(zo); -) is proper. Condition (4.14) implies dom f{*(zo;-) and dom fiA'(a:o; s
1 =2,...,n, are in strong general position, and that

int dom F4'(f(20);*) N {(r1,--,7n) | f (203 9) < 71, [ (205 9) < 7,
1=2,...,n, forsomey e E} # D

(see [33, Remark 2.11]). By the corresponding result from the subdifferential cal-
culus for sublinear functions (the approriate analogue of [33, Theorem 2.10]),

A(F o f)(z0) = {2 | (Fo f)*(z0:9) > (2,y)Vy € E}
C {z| FA'(f(z0); [{(z0: ), 13 (2039), - - [ (20, Y))
> (z,y)Vy € E}
= A((F4 (f(20); ) o (f (205 ), f5* (203 ), - - f (205 )))(0)
= {X- (811 (205 )(0), 05" (20;)(0),..., 0 f2 (z0;-)(0))]
A> 0%, )€ dFY (f(z0):)(0)}
= {\ (0% 1(20), 3Alf2($o), . -,3Alfn($o))|
A2 0%, 1€ 04 F(f(z0))}-
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Finally, assume that the stated conditions for equality hold. Then for all y € E,

(F o f)*(z0;9) 2 (F o ) (z0;9)
> FX(f(z0); [ (203 9), - - [ (203 9))
by [33, Proposition 6.1]

= FA (f(z0); f{(20;9), f5" (203 %), - -+, F2 (203 9))-

Therefore equality holds in (4.15) and (4.16).

The special cases of Theorem 4.9 where A = A' =T, A=A =k, and A =
K, A’ = k are covered in [33]. Corollaries of Theorem 4.9 include formulae for
directional derivatives and subgradients of sums and pointwise maxima of functions,
as well as product and quotient rules for positive-valued functions. Proposition 4.6
can be rederived via Theorem 4.9.

5. Calculus for P, k*°, and K°°. In this section, we establish the special cases
of Theorems 4.2 and 4.9 involving A = A’ := P and A = A’ := k*°. We already
have much relevant information about these tangent cones from Proposition 2.2 and
Theorem 3.5; all that remains to be checked is inclusion (2.6) for the appropriate
choices of M, C, and zy. The case A := K is less satisfactory, since as we saw
in §2 there is no A’ to pair with A := K which will satisfy (4.5). Nevertheless,
some results can be derived from known formulae for the A := K, A’ := k case.

We now present the A := P, k* cases of Theorem 4.2. In the proofs, we use the
fact that

K . _ tn d -1 '
(5.1) [T (zory) = liminf 77 (f (2o +ty') = f(zo)).

THEOREM 5.1. Let F: E — E; be strictly differentiable on some Ns(zo), f1:
E — 1R finite and Lipschitzlike at zo, and fo: E; — 1R finite and Lipschitz
like at F(zo). Assume that (4.6) holds, and that f¥(zo;-) and (f2 0 F)¥(z0;-) are
proper. Then for ally € E,

(5.2) (f1+ fa o F)**(z059) < fF(205y) + fF°(F(z0); VF (z0)y.
(5.3) (fi + fao F)P(20;9) < f{ (z0;y) + f3 (F(20); VF(0)y)-
Moreover,
(5.4) 0% (f1 + fa 0 F)(z0) C 0% fi(z0) + VF(20)*8% fo(F(z0)).
(5.5) OF (f1+ f2 0 F)(z0) C 0% fi(z0) + VF(20)*0F fo(F(z0))-
Equality holds in (5.3) and (5.5) if ff(z0;-) = f¥(z0;-) and

J3 (F(0); VF(20)()) = f¥(F(20); VF(20) (")),

or if ff(z0;-) = f{(z0;°) and f5 (F(zo); VF(20)(-)) = f5(F(z0); VF(20)(")). Re-
placing “P” with “k®” in these conditions gives conditions for equality in (5.2) and
(5.4).

PROOF. Define M, G, C, and zg as in Theorem 4.2. It suffices to prove
(2.12). To that end, suppose w, := (vn,dn) € M(C) converges to Mzy =
(zo0, f1(z0) + f2(F(z0))) and ¢, | O such that ¢;'(w, — Mzp) converges.
Then (vn,dn) = M(Zn, Yn, @n,Tn) With f1(zn) < Yn, f2(an) < 1, an = F(z,), and
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Un = Tn, dn = Yn +7n. Since ¢, (w, — Mzy) converges, it follows that ¢, !(z; —zo)
and t; ! (dn — f1(z0) — f2(F(20))) converge. It remains to show that - (y, — f1(z0)),
t;1(rn — f2(F(z0))), and t,;'(an — F(zo)) converge. Since F is strictly
differentiable, t;!(a, — F(z0)) = t,;}(F(zn) — F(zo)) converges.  Since
ff(z0;-) and (fz o F)¥(zo;-) are proper, the sequences t;(y, — fi(zo))
and t;!(r, — f2(F(z0))) are bounded below by (5.1). If ¢ 1(y, — fi1(zo)) were
not bounded above, then

tn ' (dn = f1(z0) = f2(F(20))) = t7" (yn = [1(20)) + t5 ' (rn = f2(F(20)))

would also not be bounded above, a contradiction. Thus t,;!(y, — fi1(z0)) is
bounded, and taking a subsequence if necessary, we may assume (because of Re-
mark 2.1(b)) that it converges. Then ¢, (r, — f2(F(z0))) must converge also. We
have established (2.12). By Theorem 4.2 with A = A’ := k> and A = A’ = P,
(5.2) through (5.5) hold. The conditions for equality follow from [33, Propositions
6.1,6.2. O

REMARK 5.2. In the case in which £ = F; and F is the identity mapping on
E, (4.6) reduces to

(5.6) dom fT(zo;-) — dom fF (z0;-) = E,
and (5.3) and (5.5) become

(5.7) (fr + 2)" (2059) < fT (20;9) + f3 (203 9)
and

(5.8) O (f1+ f2)(2o0) C 8 fi(z0) + 8 f2(20),

respectively. Penot [22, Proposition 5.4] has proven (5.7) and (5.8) under different
hypotheses. In [22], (5.6) is replaced by
(5.9) dom f{ (zo;-) Ndom f3 (z0;°) # @
where IP is the interiorly prototangent cone
IPc(z0) := {y | ¥(2n,tn) — (20,07") such that z, € C and t,,*(z, — o)
converges, Vyn — ¥, Zn + tnyn € C for n sufficiently large}.
Condition (5.9) is sometimes more restictive, sometimes less restrictive, than
(5.6). For example, suppose fi: 1IR? — IR and f: 1R? — 1R are defined by
fi(z,y) = |z|*/? and fa(z,y) = |y|*/2. Then at zo = (0,0), dom fT (2¢;-) = 0x 1R,
dom f7 (z0;-) = 1R x 0, and dom f'P(zp;-) = &, so that (5.6) holds while (5.9)
does not. On the other hand, suppose f;: IR — 1R, 7 = 1,2, are both defined by
0 ifz =0,
filz)=4 1/n if1/(n+1)<|z| < 1/n, n=1,234,...,
lz]  if |z] > 1.
Then dom f7(0;-) = {0} and dom f7(0;-) = dom f/¥(0;-) = 1R, so that (5.9)
holds at zo = 0 while (5.6) does not.

One advantage of [22, Proposition 5.4] is that it is applicable to functions with
general domain spaces. Assumption (5.9) is analogous to

(5.10) dom fT (zo;-) Nint dom fT (z0;-) # @,
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the assumption under which the sum formula for f7 can be proven in general
spaces [25, Theorem 2]. Interestingly, while (5.10) can be weakened to (5.6) in
finite dimensions [33], we have already seen in Remark 4.7(d) that (5.9) cannot be
correspondingly weakened to

dom fF (z¢; ) — dom fF (z¢;-) = E.
We next establish the A = A’ := P,k cases of Theorem 4.9, beginning with a

technical lemma.

LEMMA 5.3. Let F: IR™ — 1R be finite at zo and isotone on Ns(zo) for some
6 > 0. Then F*°(zo;-) and FF(zo;-) are isotone on 1R".

PROOF. Let y;,y2 € 1R™ with y; < ys, and suppose that F¥®(zq;y;) < d.
It suffices to show that F**®(z¢;y;) < d. To this end, let (z,7) € kp(zo). Then
(z + y2,d + 1) € kr(zo). Let t, | 0. There exist (wn,a,) — (0,0) such that
(o, F(x0)) + tn(z + y2 + wp,d +r, + ap) Eepi F; i,
to F(zo +tn(z + Y2 + wn)) — F(z0)] <d +7+ an.
For n large enough, both zg + t,(z + y; + wy), ¢ = 1,2, lie in Ns(zg). By the
isotonicity of F, then, t;}[F(zo + tn(z + y1 + wn)) — F(z0)] < d+ 1+ a,. Thus

(2+y1,d+7) € kp(z0), and it follows that F¥*(zg;y;) < d. The A := P case can
be proved in a similar fashion. O

THEOREM 5.4. Let fi: E — 1R, ¢ = 1,...,n, be finite and Lipschitz-like at
zg, and define f = (f1,...,fn). Let F: 1IR™ — 1R be finite at f(zo), tsotone on
Ns(zo)UB for some 6 > 0, and Ls.c. Assume that (4.14) holds, that each fX (zo;-)
is proper, and that lim supy_, oo [(Fo f)(zo+tkyx) — (Fo f)(zo)]ty ! = 400 whenever
tk 1 0, yx — y and limsup_, t;l[fi(a:0+tkyk) — fi(zo)] = +o0 for some i. Then
forallye FE,

(5.11)  (Fo f)*®(z0;9) < F**°(f(20); [T f(20;9);- -, [n(20:9)),
(5.12) (F o f)P(z0;y) < FP(f(z0); T (03 ¥), .- -, fr (203 ¥))-

Moreover,

(5.13) 8%°(F o f)(z0)

C{A- (8% fi(zo); .., 8% fn(20)) | X € O*°F(f(z0)),A > 0T},
(5.14) 9"(F o f)(z0)

C{X- (8% fi(20), -, 8" fu(@0)) | A € BT F(f(20)),A 2 0%}
Equality holds in (5.14) if F¥(f(z0);-) = F¥(f(20):"), f{ (z0;-) = [f(20;-), and
fE(zo;:) = fE(zo;+), ¢ = 2,...,n. Equality holds in (5.12) if in addition

FX(f(20);-) is proper. The replacement of P by k™ in these conditions gives
condition for equality in (5.13) and (5.11).

PROOF. Define M,G,C, and 7y as in Theorem 4.9. It suffices to prove (2.12).
Suppose wir = (vg,dx) € M(C) converges to Mz and tx | O such that
ti ' (wx — Mzo) is convergent. Then

(v di) = M (v, f1(vi),- -+ Vks fr(Vk)s f1(vk), - - -5 fau(vie)s di)
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with di > (F o f)(vg) and yk =t (vk — zo) and t; ' (dx — (F o f)(z0)) convergent.
It remains to show that t; ' (fi(zo + tkyx) — fi(z0)) converges for each 7. Each of
these sequences is bounded below since fz-K (zo; ) is proper. Suppose one of them is
not bounded above. Then t; ' [(F o f)(zo + tkyk) — (F o f)(z0)] is also not bounded
above, a contradiction of the fact that ¢ '[dx — (F o f)(zo)] converges. Taking a
subsequence if necessary, we may assume that t,:l [fi(zo+tryx) — fi(zo)] converges.
Therefore (2.12) holds, and (5.11) through (5.14) follow from Theorem 4.9 and
Proposition 2.4. The conditions for equality are a consequence of [33, Proposition
6.1. O

Important special cases of Theorem 5.4 include F(z1,...,2,) = Y., 2 and
F(z1,...,2n) = max{z1,...,2,}. Another corollary of Theorem 5.4 is a product
rule for positive-valued functions.

COROLLARY 5.5. Let f;: E — 1R, i = 1,...,n, be nonnegative on E and
Lipschitz-like and positive at zy € dom f;. Assume that each fiK(zO; -) 1s proper
and that dom fT (z9;-), 1 = 1,...,n, are in strong general position. Then for all

YyEE,
11 %i(@o) | 522 (zos),
1 \j#2

n koo
(5.15) (_1'[ fi) (z0;)
(H i z0)) (z03 ).
1 \j#:

11 fj(wo)) 0 f(a0).

M:

%

M:

n P
(5.16) <H fz-) (z0;y)

Moreover,

7

Il

NE

(5.17) gkoo (H f,») (zo) C

i=1 \j#1

-

n
(518) aP (H fz) (Zo) C (H f](zo)) 3 f,(a:o)

i=1 J#i
Equality holds in (5.16) and (5.18) if fF(z0;) = f¥(z0;") for some ¢ and ff(zo;')
= ij(zo; -} for each 5 # 1. The replacement of P by k* in these conditions gives
conditions for equality in (5.15) and (5.17).

PROOF. In Theorem 5.4, define F: 1IR™ — IR by f(z1,...,2,) = [[1=; 2
Condition (4.14) in this case reduces to dom f7 (zo;-), ¢ = 1,...,n, being in strong
general position. To verify the remaning hypothesis of Theorem 5.4, suppose t; | 0
and yx — y. Since each f; is strictly Ls.c. at zg, for each § > 0 there exists m such
that for all £k > m, fi(zo + tkyx) > fi(zo) — 6. Let € > 0 be given. Then there
exists ng such that for all k > ng,

ty {(F o f)(zo + teyx) — (F o f)(20)]

Z (H fj(mo)) t ' [filzo + teyr) — fi(zo)] — €.

i=1 \j#1

1

7
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If for some 7, limsup,_, t; '[fi(zo + tkyk) — fi(z0)] = +oo0, it follows from the
above inequality that
lilrcnsup ti ' [(F o f)(zo + tey) — (F o f)(20)] = +oo.
—00
Thus the hypotheses of Theorem 5.4 are satisfied and (5.15) through (5.18) follow
from (5.14). O

Some calculus formulae for fX° can be proven by means of our results for the
A:=K, A :=k case.

PROPOSITI@ 5.6. Let F: E — E; be strictly differentiable on some Ns(zg)
and f: E; — 1R Lipschitzlike and finite at F(zq). Assume

(5.19) VF(z0)E — dom f7 (z¢;-) = E;.
Then for ally € E,

(5.20) (f o F)X®(z0;9) = FH*(F(20); VF(20)y)-
Moreover,

(5.21) 9K®(f o F)(z0) = VF(20)* 8% f(F(20)).

PROOF. The inequality (f o F)¥ (zo;y) > f¥(F(z0); VF(z0)y) is true in gen-
eral [33, Proposition 6.2], and (f o F)¥ (z0;y) < fX(F(z0); VF(20)y) holds under
assumption (5.19) by Theorem 4.2 (and Remark 4.3(c)) with 4 := K, A’ := k,
and f; = 0. Thus (5.20) holds. Since T C K*°, (5.19) implies that VF(zo)E —
dom fX*®(z¢;-) = E;. Equation (5.21) then follows from (5.20) and the corre-
sponding convex analysis result. O

THEOREM 5.7. Let fi: E — 1R and f;: E — 1R be finite and Lipschitzlike
at zo, and suppose (5.6) holds. Assume in addition that fXK(zo;-) = f¥(z0;-) and
that f¥(xo;-) and fX(xo;-) are proper. Then for ally € E,

(5.22) (f1+ £2)K®(z0;9) < f°(z059) + £5 (203 1)
Moreover,
(5.23) K (f1 + f2)(z0) € 85 fi(zo) + 85> fa(z0).

Equality holds in (5.22) and (5.23) if in addition fX(z0;-) = f¥(z0;-),0=1,2.

PROOF. Let (y,7;) € K (20), ¢ = 1,2. To prove (5.22), it suffices to show
that (y,r1 +r2) € K, ,(z0). Suppose (z,5) € Ky, 1,(z0). Since fE(z0;-) and
fX(zo;-) are proper, there exist s;,s; € 1R such that s = s; + s and (2,s;) €
Kj,(z0). Then (y+2,7ri+si) € Ky,(z0). By hypothesis, Ky, (z0) = ky,(z0). Apply
Theorem 4.2 with E = E;, A:= K, A’ := k, and F the identity mapping on F to
deduce that (y + 2,71 +r2 + s) € Ky, 1+5,(0). Therefore (y,r1 +72) € K, ; (20),
and the proof of (5.22) is complete. Inclusion (5.23) follows from (5.22) and (17,
1.25] O

An analogue of Theorem 5.4 for K°° can be derived by the above method under
the assumption that fX(zo;:) = f¥(z0;:), 1 = 2,...,n. Details are left to the
reader.
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6. Necessary conditions for optimality. The case A := K, A’ := k in
Theorem 4.2 can be applied to prove quite general necessary conditions for local
optimality in the abstract mathematical program

(P) min{ f(z)|z € C}.

Our results will rely on the fact that if zo is an unconstrained local minimizer for
f: E — IR, then f¥(z0;y) > 0 for all y € E (see for example [26]). We begin with
a refinement of optimality conditions given in [21, Proposition 4.1; 13, Theorem 5;
34, Corollary 3.3].

__ THEOREM 6.1. Let C C E be ept-Lipschitzlike at zg € C, and suppose f: E —
1R is finite and Lipschitz-like at xq, a local minimizer for (P). Assume

(6.1) dom f7 (zo;-) = T (o) = E.
Then

(6.2) f¥(z0;y) 20 for all y € ke (o),
(6.3) f¥(zo;y) 20 for all y € Ko (o).

PROOF. The point zp is an unconstrained local minimizer for the function
f+ic. Hence for ally € E, 0 < (f +1ic)¥(20;y). Assumption (6.1) allows us to
apply Theorem 4.2 with A:= K, A’ := k, E = E; and F the identity mapping E
to obtain

0 < f%(205y) +16(203 ),

0 < fH(zo:y) + 18 (203 )
for all y € E. Now if y € kc(zo), 16(z0;y) = 0 and (6.2) follows from the
first of these inequalities. Condition (6.3) follows in like manner from the second
inequality. O

REMARK 6.2. Theorem 6.1 generates a whole family of necessary conditions.

If AC K and A’ C k are tangent cones,

(6.4) fA(z0;y) >0 for all y € A (z0),

(6.5) ¥ (2039) 2 0 for all y € Ac (o)

are necessary conditions for local optimality in (P) under assumption (6.1). In
other words, Theorem 6.1 expands the class of “upper convex approximants” [23,
14, 34] or “approximate quasidifferentials” [16] for which optimality conditions can
be stated. The cases A = A’ := T, P, or k* can of course be alternately derived
from sum formulae for fT, f¥ and fk.

One important special case of problem (P) is that in which C := {z | g;(z) <
0,7 =1,...,n}, the set of points satisfying a finite number of inequality constraints.
Tangent cones of such sets have been calculated (with the help of special cases of
Proposition 4.6) in (33 and 34]. We list the basic result below.

PROPOSITION 6.3 [33, 34|. Let g: E — 1R be Lipschitzlike at zo € g~1(0).
Suppose there exists y € E with g7 (zo;y) < 0 (or equivalently, that 0 ¢ 87T g(xo)).
Define C :={z € E | g(z) <0}. Then

(6.6) Kc(zo) = {y € E | g% (z03y) < 0},
(6.7) kc(zo) = {y € E | ¢*(z0;y) < 0},
(6.8) Te(zo) D {y € E | g7 (z0;y) < 0}.
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PROPOSITION 6.4. Let f: E - 1R andg;: E - IR, i =1,...,n, be Lipschitz
like at zg, a local minimizer for

(6.9) min{f(z) | gi(z) <0, =1,...,n}.
Define I(zo) := {7 | g;(z0) = 0}. Assume tht g; is continuous at zo for each

7 & I(zo), that 0 ¢ 0T gj(zo) for each j € I(zo), and that dom fT(zo;-) and
{y | gf(a:o;y) <0}, j € I(xp), are in strong general position. Then

(6.10) ¥ (zo;y) >0  whenever gf(zo;y) <0 for all 5 € I(xy),

(6.11)  f*(zo;y) >0 whenever gX (z0;y) <0 for some i € I(zp) and
g;-“(zogy) <0 for all j € I(zp) \ {z}.

PROOF. Let C := {z | gj(z0) £ 0,7 = 1,...,n} in problem (P), and call
Dj = {z | gj(w0) < 0}. For j ¢ I(x0), Tp,(z0) = E since g; is continuous at zo.
By (6.8), Tp,(z0), j = 1,...,n, are in strong general position, so we may apply
Proposition 4.6 with A = A’ := T to deduce that

Tc(zo) D {y | g;‘r(xo;y) <0,5 €1(z0)}-
This inclusion and our strong general position assumption imply that (6.1) holds.
Then (6.10) and (6.11) follow from (6.2), (6.3) and Proposition 4.6. O

One can also derive optimality conditions in the form of subgradient inclusions
for problem (6.9).

THEOREM 6.5. Let 2o be a local minimizer for (6.9), and suppose A is a convex
tangent cone satisfying (1.2) and Aj, j € I(zg), are convexr tangent cones such
that T C A; C k. In addition to the hypotheses of Proposition 6.4, assume that
047 g;(xz0) ¢ D for each j € I(zg). Then there exist A\; >0, j € I(z0), such that

(6.12) 0€ 0%/ (z0) + D (A0 g;(z0) V0T g;(20)).
I(Io)
PROOF. Define C and D;,j = 1,...,n, as in Proposition 6.4. As in the proof
of Theorem 6.1, for all y € £

0 < fH(20:y) +1&(20;9) = ¥ (20;9) + Y 75, (z039)
I(zo)

since k¢ (z0) = (;(z,) kD, (¥0) by Proposition 4.6. Now call S; = {z | gfj(zo;y) <

0} for j € I(zo). By (6.7), S; C kp,(zp). Thus 0 < fA(zo;y) + ZI(%) 15, (y) for
all y € E. 1t follows that

0€d (fA(zo;-) + isj(')) (0) = 9*f(z0) + D 57
I(zo) I(@o)

since our strong general position assumption allows us to apply [17, Theorem 1.2.5].
By (24, Theorems 23.7, 9.6], (6.12) holds. O

The subdifferential calculus developed here and in [33] also enables one to handle
objective functions f of various forms—for example, f := goG, where G is strictly
differentiable ([14] shows the importance of this form); f := g/h, where g and h
are positive-valued and h is continuous [33]; and f := max;<i<n hi.
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7. Conclusions. We have demonstrated that two tangent cones, £ and P,
which can give a sharper local approximation to a set than the Clarke tangent cone
T, have as strong a subdifferential calculus as T. We have also shown that any pair
of convex tangent cones A and A’ withT C A C K, T C A’ C k can be used in place
of T in necessary optimality conditions. Nevertheless, the hypotheses in our results
seem to necessarily involve T (as do those in [15]), which suggests that the Clarke
tangent cone occupies a unique and essential position in the theory of nonsmooth
analysis. In summary, no one tangent cone possesses all desirable properties; the
most complete theory of nonsmooth analysis and optimization combines several
tangent cones.
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